The present study focuses on an impact phenomenon of two spheres and its rebound property. The collision of two spheres is a fundamental problem with impact phenomenon. The coefficient of restitution characterizes the property of impact phenomenon and has been estimated in general by experiment. In addition, it has been tried to estimate the coefficient by analytical and numerical methods. Considering body deformation, the body is deflected rapidly in collision and the strain rate occurred in the body is significantly high. It is well known the yield stress of the specific industrial material depends on the strain rate. However, it has not been proved the relationship between the coefficient of restitution and the strain rate in details yet. The present paper discusses the coefficient of restitution in low velocity impact of two equivalent balls. The impact experiments were conducted for the balls with different diameters by a pendulum impact apparatus. And the balls are numerically analyzed based on the finite element method considering the dependence of yield stress on strain rate as the material property of the balls. In conclusion, the strain rate decreases with the increment of the ball diameter and, it causes the coefficient of restitution to decrease.
I. INTRODUCTION
The behaviors of contact and collision of spheres are fundamental problems in mechanics of elasticity and machine dynamics, and so on. They have been interested from long ago [1] - [3] and investigated by using experimental, analytical and numerical methods. The outcomes of the investigations have been applied many objects in shot peening [4] [5] , sports engineering [6] [7] , automotive [8] , and many others. The rebound properties are represented by coefficient of restitution, impact time and so on. They are changed with various causes such as ball size, material property, impact speed, and so on. Considering the causes, methodologies to obtain impact model and the coefficient of restitution have been improved until now [9] [10] . Specifically, as a research about ball size effect, Aryaei et al. [11] fell balls 6 to12 mm in diameter on a plate at 0.7 to 3.2 m/s speed. As the experimental and numerical results, they pointed out that the coefficient of restitution was changed by ball size. Minamoto et al. [12] collided two equivalent balls 25.4 mm, 13.5 mm and 6.75 mm in diameter at high speed, 10 to 33 m/s. They clarified that the coefficient of restitution was changed by ball size and elastic wave propagation as the experimental and numerical results. However, there is no precise report about that of two equivalent balls impact at lower speed than 1.0 m/s.
In the present study, the rebound property of two equivalent balls at relative low speed is examined and the influences of heat treating of the balls, the impact speed and the ball size on the rebound property are discussed. The ball diameters are 13.5 mm, 25.4 mm, 31.8 mm and 44.5 mm. The balls are made of high carbon chromium bearing steel. Some of them are in the state of factory shipment. The others are annealed. In the experiment, two balls are collided at 0.2 to 1.2 m/s velocity by using the motion of pendulum. Moreover, static and dynamic compressive material tests for the balls are performed and the relationship of the yield stress and the strain rate are obtained. Considering the dependence of yield stress on strain rate, the finite element analysis is executed. In order to separate the contributions of impact velocity and ball diameter, the coefficient of restitution is expressed as an exponential function of impact velocity and then the relationship between coefficients of the function and ball diameter are obtained. Comparing the experimental and numerical results, the changes of the coefficient of restitution and the mechanical energy, the stress and the strain in the balls, and so on are discussed. 
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II. IMPACT TEST
The ball diameters used by the experiment are 13.5 mm (17/32 in), 25.4 mm (1 in), 31.8 mm (1-1/4 in) and 44.5 mm (1-3/4 in). The ball material is high carbon chromium bearing steel (JIS SUJ2). The impact tests were conducted for the balls in the state of factory shipment and the annealed balls. The balls in the state of factory shipment have been hardened by cold forming and surface quenching in the manufacturing process. The annealed balls are softened at 850°C in nitrogen gas. In the present paper, the ball in the state of factory shipment and the annealed ball are called balls A and B, respectively. Figure 1 shows the experimental apparatus. Figure 1 pendulum impact apparatus center is the same location as the center of the pendulum and is fixed in a horizontal position. At the beginning, the ball 2 is set at rest. Next, the ball 1 is left by  0 , which is changed from 5° to 35° by 5°.
And then the ball 1 is released to collide with the ball 2.  1 and  2 are measured four time at the same value of  0 . The relative averages of  1 and  2 are used to calculate velocities and so on described in the next section. 
where g is the gravity acceleration. The coefficient of restitution e is obtained by the next equation:
Because the two balls have the same mass, the following relationship is satisfied by the law of conservation of momentum:
Solving Eqns. (4) and (5) for v 1 and v 2 , they are denoted by v 0 and e as the next equations:
If e = 1, then v 1 = 0, v 2 = v 0 . After the collision, the ball 1 freezes. Instead, the ball 2 is accelerated by the same velocity as the impact velocity and rises by the same angle as the ball 1 is left. By the way, if e < 1, then v 1 > 0, v 2 < v 0 . The ball 1 has some velocity.
Since the velocity of the ball 2 just after the collision is lower than v 0 ,  2 is smaller than  0 .  0 is mechanical energy of the system before the collision. E is energy loss of the system due to the collision. From the relations (1) 
where, m is the mass of the ball. Considering the dependence of the impact velocity, the coefficient of restitution is approximated by the next exponential function [6] :
Following Eqn. (8), Eqn. (7) is rewritten to the next equation:
where,  and n are coefficients determined from experimental results by the least square method. Considering the dependence of the coefficient of restitution e on the ball size, the coefficients  and n are related to the ball diameter.
IV. MATERIAL PROPERTY OF THE BALL
In order to obtain the static relationship of stress and strain of the ball material, cylindrical specimens were made of the balls and had 8 mm in diameter and 20 mm long. The static compressive test is carried out with a universal testing machine. The strain rate is 0.05/s. To obtain the dynamic relationship of stress and strain, the impact compressive test is performed by the Hopkinson bar method [13] . By using various sizes of specimen and loading conditions, the stress -strain curves for the different strain rates were measured [12] [14] .
V. FINITE ELEMENT ANALYSIS
Because the analytical object is axisymmetric, the axisymmetric numerical analysis of the two balls are executed based on the finite element method. Figure 2(a) shows the entire finite element subdivision and Fig. 2(b) is the wide view in the vicinity of contact part which area was meshed finely. The other area is meshed roughly. The elements are four-node axisymmetric elements. The material model includes the dependence of yield stress on strain rate. LS-DYNA [15] [16] is a general dynamic non-linear analysis software based on the finite element method. The software is used for the analysis of the balls. 
VI.
RESULTS AND DISCUSSIONS Figure 3 shows the relations between the strain and its rate obtained from the six kinds of test condition for the impact compressive test. The vertical axis is strain rate and the horizontal axis is strain. When the strain rate increases, wave appears strongly in the measurement results. For each condition, the strain rate is regarded as constant shown as the broken line. They are 600/s, 1000/s, 1750/s, 2300/s, 2800/s and 4100/s, respectively. Figure 4 shows the relationship between the true stress and the true strain obtained by the static and dynamic compressive tests. The lines are corresponded to the strain rates shown in Fig. 3 . The vertical axis is true stress and the horizontal axis is true strain. The compressive yield stress increases with the strain rate. Also, the true stress increases linearly after the yield. Figure 4 true stress -true strain curves of SUJ2 Figure 5 shows the relationship between the compressive yield stress and the strain rate obtained from Fig. 4 . The vertical axis is compressive yield stress and the horizontal axis is strain rate. The static compressive yield stress 470 MPa is plotted at 0.05/s strain rate. Because the results of the impact compressive test oscillate (Fig.3) , the values of the strain rate and the compressive yield stress are read with increments of 50/s and 50 MPa, respectively. The broken line is a third order curve fitting the experimental data by the least square method. The compressive yield stress increases monotonically with the strain rate. When the strain rate is higher than 2500/s, the compressive yield stress becomes constant 900 MPa.
Material property of the ball
Figure 5 variation of yield stress with strain rate
The material properties are listed in Table  2 . They and the relationship shown in Fig. 5 were inputted to the software, LS-DYNA as material data. The numerical analysis based on the finite element method was executed considering the dependence of yield stress on strain rate. (8) fitting the results of the ball B by the least square method. e of the ball A is irrespective of v 0 and is about constant from 0.97 to 0.99. It is not found the significant change of e with d. Therefore, it is considered that the collision of ball A is almost perfectly elastic. On the other hand, it is seen that e of the ball B tends to decrease with an increase in v 0 . Also, it is turned out that there is a tendency that the larger d, the smaller e. The coefficients  and n appear in the approximate expressions (8) of e and (9) of E/E 0 . Figure 12 shows the relationship between  and d.
Also, Fig. 13 shows the relationship between n and d. The circular and triangular marks indicate e and E/E 0 , respectively. The empty and solid marks indicate the results of ball B and FEM, respectively. In the case of ball B, the reason for the difference between the results of e and E/E 0 is that v 1 + v 2 is not exactly equal to v 0. The average of (v 1 + v 2 )/v 0 is 0.990 and its range is 0.954 to 1.013. On the other hand, in the case of FEM, the results of e and E/E 0 are mostly coincident. In Fig. 12, increases with d and the increment rate decreases with d little by little. For the ball B,  of E/E 0 is larger than  of e as a whole. For the results of FEM,  of e and E/E 0 approximate to of E/E 0 of the ball B. In Fig. 13 , n of the ball B does not change monotonically and has a tendency to decrease with d. However, n of FEM increases monotonically and its tendency was different from n of the ball B. does not change significantly, the incremental rate of yield stress decreases with a decrement of  max .
Consequently, it appears the decrement of e with d. 
VII. CONCLUSION
The Impact test of two equivalent balls was performed by utilizing the motion of pendulums. Some of them were in the state of factory shipment. The others were annealed. In addition, the numerical analysis based on the finite element method was executed considering the dependence of yield stress on strain rate as the material property of the annealed ball. As the results, the ball in the state of factory shipment behaves perfectly elastic collision and are independent of the impact velocity and the ball diameter. The coefficient of restitution of the annealed ball decreases with an increment of the impact velocity and a decrement of the ball diameter. The higher impact velocity, the larger decrement of the coefficient of restitution. The smaller ball diameter, the higher effect of ball size on the coefficient of restitution. The coefficients involved in the functions for the coefficient of restitution changed corresponding to the ball diameter. By using the relationship, it is possible to estimate results for an arbitrary ball diameter. In the numerical results by the finite element method, because the strain rate decreases with increasing the ball diameter, it is found that the coefficient of restitution decreases.
